Abstract. The shape theory and, relatively new, coarse shape theory are very useful in studying of topological spaces, as well as of the corresponding algebraic invariants, especially, shape and coarse shape groups. By using certain ultrametrics on special sets of pro-and pro * -morphisms, we topologize those groups when they refer to compact metric spaces and we get topological groups. In the shape case, they are isomorphic to recently constructed topological shape homotopy groups, while in the coarse shape case we get the coarse shape invariants, denoted byπ * d * k (X, x 0 ). We have proven some important properties ofπ * d * k (X, x 0 ) and provided few interesting examples.
Introduction
The shape and coarse shape groups are important invariants of shape and coarse shape theory, respectively. Recently, certain topology has been constructed on shape groups which turns them into topological groups (naturally called topological shape homotopy groups, see [5] ) and it has been shown that they are new shape invariants, with ability to differ shape of some pairs of topological spaces which regular shape groups cannot differ. It is important to emphasize that topology shape (homotopy) groups of compact metric spaces are metrizable.
N. Uglešić has constructed ultrametrics d and d * on pro-C(X, Y ) and pro * -C(X, Y ), respectively, for any category C and any inverse systems X, Y in C, where Y is cofinite (each element of the corresponding index set has at most finitely many predecessors). Ultrametric spaces which we get by applying those ultrametrics are denoted by (Y X , d) and (Y X * , d * ). Also, he
showed that those topological spaces can be quite different if codomain is changed up to isomorphism. However, this problem can be solved if one restricts this consideration to inverse sequences only, precisely to subcategories tow-C, tow * -C. So, clearly, the sets of shape and coarse shape morphisms between topological spaces X and Y, with the extra condition that X and Y admits sequential HP ol-expansions (compact metric spaces make a special case), can be turned into ultrametric spaces, independently of choosing specific sequential expansions.
The previous construction can be applied to sets of pointed shape and coarse shape morphisms, as well. Therefore, by restricting the domain to the pointed sphere, the shape groups and coarse shape groups (of compact metric spaces or, more general, of spaces admitting sequential expansions) can be topologized. We will prove that, in the both cases, topological groups are obtained, which will be denoted byπ
In the case of shape groups, these topological groups are isomorphic to topological shape groups ( [5] ) (according to this, no new name will be needed).
Thus we obtain an explicit (complete) metric for those spaces. Nevertheless, in the case of coarse shape, we get a benefit of the new topological-algebraic invariant, which will be named by a topological coarse shape group. A certain topology (similar to the topology given in Lemma 4.5) which induces a structure of a topological group on the coarse shape group is already considered in ( [6] ).
The shape and coarse shape case is going to be mutually related by showing that a topological shape group can be considered as a closed topological subgroup of the corresponding topological coarse shape group. Some interesting properties of topological coarse shape groups will be considered.
At the end, we will discuss few examples, one of which will be a non stable space whose topological coarse shape group is nontrivial and discrete.
Preliminaries
Let us give a brief review of main notions and categories important for this paper. Let C be any category. Categories inv-C and inv * -C are defined as follows.
Objects of inv-C are all the inverse systems
Objects of inv
* -C are also all the inverse systems X in C and inv
and there is an n ∈ N, so that, for every n
, where 1 Λ : Λ → Λ is the identity index function and 1 x λ are identity morphisms in C.
Previously defined relations are equivalence relations which are compatible with composition in inv-C and inv * -C, respectively. So, there exists corresponding quotient categories inv-C/ ∼ ≡ pro-C and inv
* -C, respectively, are denoted by f and f * . Especially, in this paper we will be interested into two full subcategories tow-C ⊂pro-C, tow * -C ⊂pro * -C, whose objects are all inverse sequences in C. Also, there is a functor J : pro-C →pro * -C, defined as follows:
, where f n µ = f µ for every µ ∈ M and n ∈ N (f * is said to be induced by f ). Whereas functor J is faithful and fixes objects, we can consider pro-C as a subcategory of pro * -C. Now, let D be a pro-reflective and full subcategory of C, which means that every X ∈ Ob(C) admits a D-expansion (see more in [7] ). Let p : 
is the functor from shape to coarse shape category, induced by the previously mentioned functor J restricted to pro-D. Since J (C,D) is a faithful functor the shape category can be considered as a subcategory of the coarse shape category.
At last, let us recall the well known facts that HP ol (the homotopy category of all polyhedra) is a pro-reflective full subcategory of HT op (the homotopy category of all topological spaces). Also, the analogous result holds for pointed topological spaces "case" HP ol 0 ⊂ HT op 0 . In this paper we will mainly restrict our consideration to Sh 0 ≡ Sh (HT op0,HP ol0) (the pointed shape category) and Sh * 0 ≡ Sh * (HT op0,HP ol0) (the pointed coarse shape category) because main objects of our research are shape and coarse shape groups of topological spaces, although most of constructions and conclusions can be applicable to a more general case.
Ultrametrization of shape and coarse shape group
First, we give a quick reminder about definition of shape and coarse shape group of (pointed) topological space (X,
, with the binary operation defined as follows:
Similarly, the k-dimensional coarse shape group of (X,
with the binary operation
Notice that for an HP ol 0 -expansion of sphere we may choose "identity". These two structures are groups (for k ≥ 2 Abelian groups) with adding operation independent of choosing HP ol 0 -expansion p. For a (coarse) shape morphism
is the inverse element, where ((a
, for all n ∈ N and λ ∈ Λ. From now on, we will consider only topological spaces admitting sequential polyhedral expansions (compact metric spaces make a special case ). Let (X, x 0 ) be any such pointed space and let
be its polyhedral expansion. Let (S k ,s 0 ) denotes a rudimentary inverse system having only one object (S k , s 0 ) and let
By [8] and [9] , ((X,x 0 )
are complete ultrametric spaces, where
If we take another sequential polyhedral expansion of (X, x 0 ) then the obtained ultrametric spaces are mutually homeomorphic. The corresponding homeomorphisms are induced by natural isomorphisms between expansions (Theorem 6. in [8] and Theorem 6. in [9] ). Thus, the natural bijections
can be used to topologize the shape and coarse shape group, independently of specifying sequential expansion. The obtained structures will be denoted byπ
n m for almost all n ∈ N) the statement follows by the definition of ( * -) morphism.
Proof. We will prove the coarse shape case only. The proof of the first one is analogous and even easier. Let k ∈ N. Let A * = ⟨[(a 
The topological shape groupπ top k (X, x 0 ), constructed in [5] , has for elements of its topological basis the sets
is any HP ol 0 -expansion of (X, x 0 ). By restricting our consideration only to compact metric spaces (X, x 0 ) and by using any sequential polyhedral ex- 
compact metric spaces and let T opGrp Mc be the full subcategory of T opGrp (the category of topological groups) restricted to the all metrizable topological groups admitting metrization by a complete metric. There is a functoř π
Corollary 3.5. For every shape path connected space X, the topological groupπ 
Topological coarse shape groups of compact metric spaces
Now let us research several main properties of the topological group π * d * k (X, x 0 ), which will be naturally called (sequential) topological coarse shape group of the space (X, x 0 ) (recall that it is only defined for spaces admitting sequential polyhedral expansion). Since all described constructions are rather natural, we are able to define an appropriate functor. 
Proof. This proposition follows by Theorem 3.2, properties of the coarse shape functor defined in [1] . Also, it is known that shape groups can be embedded into coarse shape groups by the homomorphism induced by the functor J (HT op0,HP ol0) (see [1] ). By combining this fact with Theorem 2.3. of [9] , we can deduce the next proposition. (X, x 0 ) . Also, it would be interesting if one can somehow relate a topological coarse shape group of a subspace to the topological coarse shape group of the whole space. We will give a complete answer when a subspace is a retract, which will be an analogy of the "shape" case, already considered in [5] , with a slight improvement. Definition 4.3. Let X be a topological space and let X 0 be its subspace. We say that X 0 is normally embedded in X if for every normal covering U 0 of X 0 there exists a normal covering U of X such that U| X0 = (U ∩ X 0 : U ∈ U) refines U 0 . Proposition 4.4. Let X be a topological space which admits a sequential HP ol 0 -expansion and let X 0 be a subspace normally embedded in X which also admits a sequential HP ol 0 -expansion. Let
Proof. Because X 0 is normally embedded in X, by Theorem 6.11. of [7] there is a morphism 2 , where (X,X 0 ) is an inverse system in P ol 2 (category of polyhedral pairs), such that
are polyhedral resolutions of spaces X and X 0 , respectively (more on polyhedral resolutions in [7] ). Further, by Lemma 2.3 of [3] , if we put x λ = p λ (x 0 ) = p λ | X0 (x 0 ) and use the functor H 0 : pro-T op 0 → pro-HT op 0 which is induced by H 0 , we have that
are HP ol 0 -expansions of spaces (X, x 0 ) and (X 0 , x 0 ), respectively.
by using Lemma 4.5 below, in order to prove that i *
, where the topology on
) is defined as in Lemma 4.5, while k is the function
for given and fixed HP ol 0 -expansions H 0 (p| X0 ) and H 0 (p| X ). Now, by using the obvious fact that
We will complete this proof by showing that
). Namely, if it is not so, then for every λ ∈ Λ we can choose n(λ) ∈ N such that for every n ′ ≥ n(λ) we can find the continuous mappingā
]. It allows us to define mappings a
} for every λ ∈ Λ, n ∈ N, and to infer that a 0 = [([a n 0λ ])] is an element of pro * -HP ol 0 ((S k ,s 0 ), (X 0 ,x 0 )) (easily verified) and k(a 0 ) = a, which contradicts the assumption a ∈ K.
Finally, the set U a λ0 (notation from Lemma 4.5) , is open in pro * -
, it contains a, and obviously U a λ0 ⊆ K, which completes the proof.
In the previous proof we have used the notation [f ] for some pointed homotopy class of a mapping f , while in the rest of this paper we only use the notation f .
the canonical isomorphism between those expansions. Then the collection
where 
satisfies properties of topological basis. Further, it is obvious that the function h is a bijection. Namely, the function
] is the inverse of h. Further, if we take any [(a
any λ ′ ∈ Λ, using Proposition 3.1, we can check that h
. Therefore, the continuity of h follows. The continuity of g can be checked analogously.
Hereby 1 * (X0,x0) denotes the identity of Sh * 0 N , and we used r • i = id and the functorial properties. This also implies that i * # is injective. Now let B * ∈ G. Then there is a unique B *
where in the third equality we used the first part of the proof.
Corollary 4.7. Let X be a compact metric space, X 0 ⊆ X its retract and
Proof. This follows from Propositions 4.4, 4.6 and the following facts: X 0 is closed in X as a retract of Hausdorff space; X 0 is a compact metric space; every closed subspace of paracompact space X is normally embedded in X.
Thus, not only that we can considerπ * d * k (X 0 , x 0 ) as a topological subgroup ofπ * d * k (X, x 0 ), provided X 0 is a retract of compact metric space X, but also the "closeness" property of X 0 in X is translated to relation between topological coarse shape groups. Now let us recall the notion of coarse shape path connectedness (see more in [3] ) and show thatπ * d * k (X, x 0 ) do not depend on x 0 ∈ X. A coarse shape path in a topological space X from x 0 to x 1 , x 0, x 1 ∈ X, is every morphism Ω * : (I, 0, 1) → (X, x 0 , x 1 ) of the category Sh * 00 ≡ Sh * (HT op00,HP ol00) . A space X is said to be coarse shape path connected if for every two points x 0 , x 1 ∈ X there is a coarse shape path in X from x 0 to x 1 . It is known that the path connectedness implies shape path connectedness, which further implies the coarse shape path connectedness. Proof. Every connected compact metric space is coarse shape path connected.
At the end we provide few interesting examples. 
